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Abstract—Transient natural convection in a spherical enclosure containing a central core fluid and a
porous shell fully saturated with the same fluid is investigated numerically. Simulations are based on a
mathematical model consisting of the Navier—Stokes equations for the fluid region, the Brinkman equation
for flow through porous media, a convective diffusion equation for energy transport, and the Boussinesq
approximation for buoyancy. Solutions are obtained by a hybrid spectral method which combines the
concepts of Galerkin and collocation methods with Legendre and Chebyshev polynomials employed as
basis functions, respectively. Time advancement is accomplished by a combined Adams-Bashforth and back-
ward Euler schemes. The numerical results exhibit remarkable effects along the porous—fluids interface ; however,
the overall heat flux is only sensitive to the thermal conductivity ratio of the solid matrix to the fluid.
Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Buoyancy-generated convection in enclosures com-
posed of simultaneous fluid and fluid-saturated
porous layers has recently become a topic of great
interest owing to the numerous applications. Rep-
resentative examples include the transport in geologic
formations associated with nuclear waste repositories
and in geothermal systems, processing of metal alloys,
the optimal usage of thermal insulation and reservoir
engineering. Clearly, there is a need for a fundamental
understanding of the transport processes associated
with systems containing a fluid—porous interface. In
this paper, our effort will be directed toward natural
convection in a spherical enclosure in which the cen-
tral fluid core is surrounded by a porous layer satu-
rated with the same fluid. To the authors’ knowledge,
this scenario has not been investigated.

Despite the interdisciplinary nature of the problem,
very little research has been conducted to explore the
transport phenomena in fluid-porous composite
systems. One of the early theoretical analyses in this
area, with particular attention to geophysical systems,
has been the work of Nield [1] who studied the onset
of convection in a fluid layer lying on top of a porous
layer subjected to uniform heating at the bottom. The
same physical setting, but with heating from a side,
was considered by Nishimura er al. [2], both exper-
imentally and numerically using a finite element
method. Their comparisons between the simulated
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results and the measured data indicated a good agree-
ment. However, because the range of their exper-
imental conditions was limited to conduction-domi-
nated heat transfer in the porous medium, only such
cases were examined. In a different context, this type
of problem also arose in thermal insulation engin-
eering and was treated by Tong and his associates [3—
5]. The main feature that differentiates their work
from the aforementioned study is the layers’ orien-
tation which was arranged in such a way as to be
parallel with the direction of gravity in an effort to
evaluate the thermal performance of partially filled
insulation systems. Their results are quite surprising
because they exhibit the fact, though somewhat con-
tradictory to common sense, that filling the entire
enclosure with a porous material is not necessarily a
prerequisite for an effective suppression of convective
heat transfer. That is, there exists a certain thickness
at which further filling of the insulation does not lead
to any lower heat transfer rate. Until recently, this
problem has emerged in material processing where
extended freezing temperature ranges of alloys
creates, in addition to the liquid and solid phases, a
mushy region that acts like a porous material, at least
at the microscopic level. Beckermann et al. [6, 7] have
formulated the problem to include the effects of quad-
ratic drag and viscous diffusion. For a more spe-
cialized account in this area, the article by Voller er
al. [8] and the references therein should be consulted.

In the work reviewed thus far, the physical domain
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NOMENCLATURE
¢ specific heat at constarnt pressure of the At time increment
fluid 0 angular coordinate
<, heat capacity of the solid phase (©] temperature
Da  Darcy number K thermal conductivity of the solid
k unit vector in the vertical direction porous material
K intrinsic permeability of the porous Y overall thermal conductivity of the
medium fluid saturate porous medium
NL  number of Legendre modes u viscosity
Nu  Nusselt number 14 transformed radial coordinate
)4 pressure p density
Pr Prandtl number ¢ porosity
r radial coordinate P property ratio of the fluid to the porous
R sphere radius material
Ra  Rayleigh number v stream function.
t time
u dimensionless velocity vector. Subscripts
f fluid—-porous medium interface
Greek symbols ] solid porous material
o thermal diffusivity w wall condition
B thermal expansion of the fluid 0 initial condition.

of the problem has been rectangular. Under certain
circumstances, the problem may be inherently spheri-
cal and therefore it may be better solved in spherical
coordinates. From this standpoint, the objectives of
this paper are to establish a mathematical formalism
as well as a solution procedure to deal with this type of
problem, and at the same time to uncover the essential
physics of the convective flow phenomena in a com-
bined fluid and porous layering spherical enclosure.
Because the gravity components appear in both #- and
O-direction, the flow structure will correspondingly be
different from that previously reported. In addition,
the motion within the fluid core will now be dictated
by the thermal and momentum transport in the porous
layer. One unique feature of the present study is the
transient behaviors of the system in which the motion
ceases to exist when the interior fluid becomes in ther-
mal equilibrium with the surrounding wall. Similar
physical systems have been investigated wherein the
spherical enclosure is completely as opposed to
partially, filled with a fluid (see, for example, Shen et
al. 9)).

2. FORMULATION

2.1. Problem statement

Shown in Fig. 1 is a schematic of a spherical enclos-
ure of radius R, consisting of a fluid core of radius
R; surrounded by a fluid-saturated porous layer of
thickness (R— Ry). Initially, the entire sphere is kept
at temperature @,. Suddenly, it is brought into contact
with the surroundings such that the surface tem-
perature is always maintained at @,,, presumably gre-
ater than ©,. Because of the imposed thermal gradi-

Fluid region

Porous region

Fig. 1. Schematic of the physical system.

ent, heat penetrates into the sphere interior to cause a
nonuniformity in density, which then derives the flow.
From our knowledge of transport processes, the
induced motion is weak during the early stage and
conduction will dominate the heat transfer. As time
elapses, the flow is expected to be more intensified and
could play a leading role in later periods as buoyancy
overcomes the viscous resistance.

Predicting the evolution of the flow and tem-
perature fields necessitates a simultaneous solution of
a set of equations derivable from the laws of con-
servation of mass, momentum and energy. Unfor-
tunately, these equations are more often than not too
difficult, if not intractable, to solve unless sim-
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plifications are made. Considering these complexities,
we shall adopt the following assumptions : (i) internal
thermal resistance is relatively large so that the heat
transfer outside the enclosure can be neglected, (ii) the
Boussinesq approximations are valid and that gravity
acts in the horizontal direction ; hence, the problem is
symmetrical about the horizontal axis, (iii) the porous
layer is homogeneous and isotropic and that the flow

conforms to the Brinkman model, an extension to the

Darcian regime to take into account boundary effects.
Since inertia was not considered in his model, it is not
valid for high permeability materials, (iv) the fluid
and the solid matrix within the porous medium are in
local thermal equilibrium, which is justifiable on the
basis of the enormous interfacial area between the
fluid and the solid, (v) thermal dispersion due to inter-
pore mixing is negligible compared to diffusion unless

the velocity is sufﬁcwntly large, and (vi) the process is
two-dimensional in r and 6, as commonly assumed in

the past [9].

2.2. Mathematical formulation

With the assumptions stated in the foregoing sub-
section, the mass, momentum and energy con-
servation laws can be expressed in nondimensional
form as

Vou=0, 1)
6u
— +u Vu= —Vp+PrV?u+RaProk, (2)
00
5 +u Ve =vie 3)

for the fluid region in the core, and
V-i=0, €))

a_ V2p+ PrV%i+ RaPrOk P 5
Fri p rV<ii aPr Dau’ (5)

a@
o -+ VO = 0, V20 (6)

for the porous shell. Note that a hat has been used to
denote the porous region.

In the above equations, all the variables have been
made dimensionless according to the following defi-
nitions :

EasS
i
o

P, = OF =
* K @W—‘®0
Q,—0,)R’ K
Ra:%_())__ l)a:_g7 Pr:g’i
Ho R” K

)

in which all the parameters are defined in the
Nomenclature. For convenience, asterisks have been
omiited in equations (1)—(6).
The initial and boundary conditions to be satisfied
by equations (1)-(6) are given as
(i) Atr=20
u=d=0 and ©=0=0. (8)

(ii) At the surface (r = 1)
=0 and O=1. )

(iii) At the interface (r = ry)

u=d p=p
ri ﬂ>+16ur_ri<@)+laur
r\r) rdf or\ r a6’ (10)
©0-6 Ki-iy J
(iv) At the center (r = 0)
u and © are finite. (11)

Under the axisymmetric conditions, the problem is
two-dimensional and the vorticity is a scalar quantity.
To take advantage of these facts, it is a common
practice to apply a curl to the momentum equations
(2) and (5) to eliminate the pressure, and the resulting
equations are then simplified to desired forms using
appropriate vector identities. Thus,

] 2 2 2.1
00
= —Ra[rsmé) +cos€a®} (12)
00
- - J@,0) = V0O, 13
ot rsind ¥.©) = (13)
and

| Y I 1 1 é\];
sinOD [D _< +EE>}//
00 00
= —Ra|:rsm0 e +c03089} (14)

piL6) 1 . R

e T J(h,0) =00, (15

r*sin@
where ¥ is the stream function defined in such a way to

automatically satisfy the incompressibility constraint.
That is,

e, 0Y) e
r’sing 08

oW, ¥) '

(w,8) = T rsin6  or

(16)
The operators introduced in equations (12)—(15)
are given by

% 00
or o

00 oy

JW,0) = ar g

(17a)
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or? rooa o’

LI (PR WU R PP
V—Za< )rz [(1 )@J, (17¢)

with [t = cos . One of the main advantages offered
by this approach is the elimination of the difficulty
associated with the lack of boundary conditions for
the pressure in the velocity—pressure formulation and
for the vorticity in the vorticity—stream function for-
mulation.

D?* =

(17b)

3. SOLUTION METHODOLOGIES

In this section we shall describe a numerical scheme,
first-order accurate in time and spectrally accurate in
space, which decouples the equations from inter-
actions between the flow and energy and between the
fluid and the porous regions. This is achieved by using
a combination of techniques as detailed below.

3.1. Time discretization

In this approach, the momentum—energy couplings
are removed by integrating the convection terms
explicitly and the diffusion terms implicitly using the
Adams—Bashforth and the backward Euler schemes,
respectively. In doing so equations (12)—(15) become

] 2 m+ 1
sinHD [D PrAt}p

3 R
= ~\BracJing 2 Y

1 m 2.0m 2 a2
— 55 BIW". D2y sin® 6)

—Jm =", DAY sin? 0)]
Ra 3l rsi oo™ oo
* 7[ ( or 20 )

) a@m—-l a@m—l
— (rSIHHT +cosf 20 ﬂ,

(18)
1 1 1
_VZ ®m+l :A®m+
(At ) At 2r*sind
x B3I, 0™ —Jom L 07N, (19)
1 2 2 1 m+ 1
sinHD [D B (Da PrAtﬂw
i
- (PrAt)sm 0 W
A 6™
+ &[3<rsm66® +cosf © >
2 d
0o ! 20!
— <r sin ar +cos€7>:|, (20)
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g_d) Vz (:)m+l _gﬁ(:)m_*_ 1
At " At 2rsin 6

x [3JGJ", ") —J@ O], (21)

where At is the time increment and the superscript
m denotes the time level. Since the truncation error
associated with the Adams—Bashforth formula is on
the order of (A7)? while the backward Euler is At, the
overall accuracy of the integration scheme is first-
order with respect to time.

3.2, Spectral methods
Following the series truncation procedure [10, 11],
the stream function and temperature are expanded as

{d/,; Z i;m; | : P(mdp,  (22a)
{:g% é {gg}ﬂ,(ﬂ), (22b)

where P,(R) is the Legendre polynomial of order n
with i = cos 6. It should be pointed out that we have
expanded r@ instead of © alone, since it enables us to
resolve the temperature boundary condition which
would otherwise be indefinite at the center of the sphere.

Upon substituting these series into equations (18)-
(21) and after much algebraic manipulation, there
results

] d4l//:ln+] l:g 1 :|d2 :HI

At D) a2 nir)PrA | dr
4 d et | 3 ) ::,+]
4 U + (n+3)(n—2) ¥
r dr r? PrAt 72
= 5/0,1,¢.0), (23)
dzer+'  Tnm+1) \
-+ = H ,® s
3 [ 3 At}@) (1L, 1,4, 0)
(24)
1 dYrt T2 1 1 1
—| =+ —+
nn+1) dr* 2 nn+1)\Da PrAt
d [//m+] 4 d‘/Jm+l (n+3)(n__2)
+
drl r] dr 2
1 I .
_ - ®), (25
+<Da+PrAt):| > S.(1,0,,0), (25)
doyt' n(n+1) o, o
dr? r? (D At
= H,(0.,9,,4.0), (26)

which are ordinary differential equations since the
angular dependences have been eliminated. Note that
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the right-hand-sides in these equations have been
abbreviated by S, and H,, as defined in the Appendix.

Numerous techniques exist for transforming the
above equations into their corresponding discrete ana-
logues. Among them, the Chebyschev pseudospectral
method seems to be quite appropriate because of its
properties being very similar to those of the spectral
Galerkin method and is thus adopted here. More
importantly, the use of this method in conjunction
with the Gauss—Lobatto quadrature set of abscissas as
the collocation points satisfies our need of an adequate
computational grid to resolve the potential stiff gradi-
ents at the surface. Since this method has been
described at length in the literature (see Nguyen and
Chung [11], for instance), details are omitted.

3.3. Influence matrix technique

Although the flow and the energy equations are no
longer coupled, the interactions between the fluid and
the porous shell at the interface require the solution
to be obtained either simultaneous or iterative. Due to
this complication, we shall apply an influence matrix
technique to further decouple them. In this manner,
the solutions are sought as linear combinations of
auxiliary problems of the form [10]

l//;n+l B lPO \Pl
{l&:,"*'}“ {%}*“‘{ 0 }
v, 0 0 27
+az{o}+“3{\i’l}+““{@2}’ (27a)
®:ln+l B EQ El O
o o

where q, . .., a,, b, and b, are coeflicients to be deter-
mined from the fluid-porous interface couplings.
Upon imposing these constraints, there results two
systems of equations:

¥ Y, -, -9, a;
Yoo, - -9, a,
L A A A
wrop _\i,ml 7 as
?,-¥,
Py
=< 0L (28)
0o~ Yo
\'Pwo leo
I 4
rEy — &, ”‘(Dx(”ré'l“él) b,
Eo—Eo
- &, A —_ — s 29
{(Dx(rf:O_HO)—(rf:'():-‘O)} @)

in which the primes denote derivative with respect to
r. The auxiliary functions are required to be the solu-
tion of the following simple, but related, problems:

-

1 2 1
RS | 7 1\ S R I lPN
MEERTAL Lz T (et l)PrAt] !

4, [0+H@=2) 1 ¥,
+ r \PI+[ r? + PrAt | 2
1 = (50,Sn(0, l,l//, @), l= 0, 1, 2

Wo(r) =0 Wi(r) =0 ¥o(0) =0 W¥o(0)=0
Yirg=1 Yir)=0 ¥Y(0)=0 ¥ (0)=0
L) =0 W) =1 W¥,(0)=0 ¥3(0)=0

(30
R S ) 1 1 1\,
n(n+1) ¥ [72 T n(n+ 1)(_D—a + PrAt)}P’

4 . [(r+3)(n=2) 1 1 \1¥,
+,3lp’+[ 2 \bpat i) |r

=5,0,0,,0), 1=0,1,2

Po()=0 P,(1)=0 ¥ =0 ¥o(r)=0

(=0 (=0 ¥ (=1 ¥i(r)=0

W) =0 #5(h=0 P,()=0 ¥i(r) =1

31

=/ [”(H D, i}:_, = S H,(1,4.0), 1=0,1

r2 At

{Eo("r)—o B0y =0
Er)=1 E0)=0

(32)

{éo(l) = oy La-0(”f) =0
E(H=0 El(rf) =1

(33)

where d, is the Kronecker delta.

Before leaving this section, it is worthwhile to add
two remarks regarding the above procedure. First,
each of the auxiliary problems so constructed is self-
contained and can be solved independently. Second,
the introduction of the auxiliary functions does not
seem to create much additional computing burden,
because the nonzero components can be solved ana-
lytically and their solutions remain unchanged
throughout the course of simulation. Thus, the influ-
ence matrix technique provides a means to decompose
a large problem into smaller ones which are suitable
for parallel computations.

4. RESULTS AND DISCUSSION

Owing to the transient nature of the problem on
the on¢ hand and the involvement of several model
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Table 1. Values of simulation parameters

Parameters  Values Parameters  Values
Ra 10° rr 0.5
Da 10-° NL 10

Pr 3.0 NT} 31

®, 0.7 At 107*
@, 1

TNumber of collocation points.

parameters on the other, a full parametric study
necessitates a large number of runs. Though this type
of study is possible as far as computing resources are
concerned, it is prohibitive in view of the excessive
space needed for presenting the results. Considering
this limitation, the remainder of the discussion will be
organized as follows. First, the transient behavior of
the physical system is examined in an effort to provide
some physical insight on how the heat transfer process
evolves and to identify various stages where one mech-
anism dominates the others. Second, we shall consider
the effects of Rayleigh number on the flow and tem-
perature fields. Last, we shall examine the influence
of other parameters on the interfacial heat flux, the
interfacial temperature, and the interfacial velocity
components. For the purpose of illustrations, @, is set
to be 1 and remains the same throughout the calcu-
lations, since its role is limited to shifting of the time
scale in the porous region.

For convenience, all the graphics presented here-
after are shown only for half of the enclosure due to
its symmetry. Unless otherwise noted, values of the
simulation parameters are listed in Table 1, herein
referred to as the base case. The number of Legendre
functions and collocation points so tabulated are
determined from a convergence analysis based on the
mean Nusselt number, defined as

, (34

and are summarized in Table 2. From those data,
NT =21 and NL = 4 would seem to be a logical
choice since this set gives satisfactory Nusselt
numbers, correct to two decimal places. However, care
must be taken to choose a pair of values which not
only warrant converged solutions in the porous
medium, but are also sufficiently large to ensure that

Table 2. Convergence of mean Nusselt number at ¢ = 0.1

NL
NT} 4 8 10
21 1.194696 1.194693 1.194693
31 1.192904 1.192902 1.192902
41 1.192435 1.192432 1.192432

+Number of collocation points.
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the interior solutions are adequately represented.
Thus, we adopt a value of 10 for NL and 31 for NT.

Figure 2(a—c) depicts the velocity vectors and the
isotherms using the above specification at three
different instants (¢ = 0.005, 0.05 and 0.2) to represent
the early, intermediate and late-time periods, respec-
tively. At small times, 1 = 0.005, appreciable motion
is seen to be confined in the vicinity of the sphere
surface and in the fluid core. In the porous region, the
flow is upward along the inner edge and downward
along the outer edge and forms a closed loop similar
to Hill’s spherical vortex. Inside the fluid region, the
influx of momentum due to flow penetration in the
rear causes fluid particles there to move and eventually
exit at the frontal surface. Because the flow resistance
in the pore is much greater than that in the core, the
velocity in the core is larger than in the porous
medium. As shown in Fig. 2(a), the temperature con-
tours exhibit a spherical symmetry about the center
hence implying condition-controlled heat transfer
during this period. Careful inspection of the figure
reveals that the temperature in the fluid core is prac-
tically uniform. As time progresses [see Fig. 2(b)],
heat further penetrates into the fluid zone to create
temperature gradients, which together with the
momentum transfer at the interface lead to strong
convective currents. Due to the relatively high velocity
in the fluid region, the interfacial shearing force
appears to enhance the flow in the porous region to
a certain extent. The departure of isotherms from
spherical symmetry provides evidence that convection
is playing a greater role in the transport process. Such
a transition is most apparent inside the fluid core
where the contours were pushed toward the frontal
surface to form a kidney-like shape. This trend is, to
a lesser degree, also observed in the porous region
with contours being farther apart than those in the
front. Figure 2(c) illustrates the results at longer time,
t = 0.2, at which the velocity has already begun dim-
inishing. This is expected, since no flow would exist at
the state of thermal equilibrium where all thermal
gradients vanish to zero. Even with a weakening flow
field, convection still plays a major role on the heat
transfer process.

Accompanying Fig. 2 is Fig. 3(a—) showing the
temporal developments of the temperature, the Nus-
selt number and the velocity along the interface,
respectively, For the temperature, it is practically at
its initial value at small times. As soon as heat pen-
etrated to the core fluid, a substantial temperature
variation along the interface is observed as measured
by the temperature difference between the two poles.
Once this temperature difference reaches the
maximum value, it begins to level out as the thermal
equilibrium state, ie. @ =@ =1 everywhere, is
reached. In the same manner, convection is held
responsible for the variations of the local Nusselt
number, hence the local heat flux, along the interface.
The interfacial velocity is presented in Fig. 3(c) with
the solid and open symbols representing the tangential
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Fig. 3. Time variations of interfacial quantities: (a) temperature; (b) Nusselt number; (c) velocity
components.

and radial components, respectively. One interesting
note about their evolution is that u, appears to be
established quickly and to be subsequently dying out
while u, is still in the developmental stage.

Figure 4(a—c) demonstrates the effects of the Ray-
leigh number on the velocity and temperature fields
at t = 0.2. Structurally, the flows associated with
Ra = 10%,10° and 10° are very much alike, except that
the center of the vortex seems to be moving closer to
the interface as Ra increases. Since the vectors in these
three plots were drawn to scale, the steady escalation
of the flow intensity is obvious, as one would antici-
pate. The temperature field, on the other hand, reflects
the changes in the flow structure well as indicated by
the spacings between isotherms and the sharp tem-
perature gradients near the interface. A careful com-
parison of these figures reveals that the higher the
Rayleigh number, the shorter is the time required for
thermal equilibrium.

Figure 5 shows the history of Nusselt numbers of
four different cases in which one parameter is altered
at a time. Among the parameters being examined, Pr
is clearly the least sensitive [see Fig. 5(b)] as evidenced
by the collapse of the four graphs into a single curve.
When Ra and Da vary, the effects are small but visible,
at least for the ranges of values considered. However,
one should not be mislead by the information revealed
from Fig. 5(a,c), because the Nusselt numbers may

differ as much as 20 and 10%, respectively. Here, it is
important to note the crossing of the Nusselt number
curves which could be attributed by the circulating
motion inside the enclosure. This aspect is common
in heat transfer associated with a liquid droplet [12].
In Fig. 5(d), significant effects occur as the ratio of
the thermal conductivity increases from 0.3 to 5. This
can be explained by the fact that the thermal con-
ductance of the outer medium is higher than that of
the interior, leading to a higher fraction of energy
accumulated in the exterior, thereby lowering the ther-
mal potential available for heat transfer. Under this
condition, it is likely that the porous shell will attain
its equilibrium state much sooner. Thus, it suggests
that if @, is large enough, one need not be concerned
with the transport in the porous zone because the
interfacial temperature is more or less constant along
the fluid surface.

The local Nusselt number, the interfacial tempera-
ture, and the interfacial velocity are presented in Figs.
6-8, respectively. As discussed before, the Prandtl
number does not exhibit any profound impact, even
in a localized fashion according to Figs 6(b), 7b(b)
and 8(b). On the contrary, both Ra and Da play a
controlling role on the shape of the interfacial profiles.
However, in order for Da to have any substantial
influence, it has to be greater than 107> or else the
effects are quite minimal. As for the thermal con-
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Fig. 4. Velocity and temperature fields at + = 0.2 for Dg = 107° Pr =3 and ®, =0.7: (a) Ra = 10%; (b)
Ra=10°; (c) Ra = 10°.
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ductivity ratio @,, a change of value simply shifts the
entire profile up or down depending on whether the
change is an increase or a decrease. This characteristic
is especially true for the local Nusselt number and the
interfacial temperature. For the interfacial velocity,
effects of @, are far more pronounced in the back than
in the front.

5. CONCLUDING REMARKS

A parametric study has been performed to inves-
tigate the transport in a spherical enclosure containing
simultaneous fluid and porous layers. Based on the
numerical results, it is concluded that

(1) The velocity inside the fluid core is dictated by
both the induced temperature gradients, as well as in
the interfacial momentum flux.

(2) The overall heat transfer rate is primarily con-
trolled by the transport characteristic in the porous
region and the thermal conductivity ratio of the inside
to the outside.

(3) The Rayleigh number provides a measure of
the convection effects on the heat transfer rate which
may differ by as much as 20% for Ra in the range
from 10 to 10° In addition, it causes a slight dis-
placement of the vortex center.

(4) The Darcy number seems to alter the interfacial
profiles only if Da > 10 3. However, the deviations in

the average Nusselt number are likely to be less than
10% for 1077 < Da < 1073,
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APPENDIX

The followings are the convective terms which have been
short-handed in equations (23)—(26)
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with the coefficients wf;, ¢}, 4j; and ¥}, representing the inte-
grals of products of Legendre and its associated functions.
In terms of ‘3-J° symbols [13], they can be expressed as
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